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MPST à la Carbone et al.
• Global types

G := s→ c :

{
login.c→ a : passwd(Str).a→ s : auth(Bool),
cancel.c→ a : quit

}
• Local types

Ss := c⊕
{

login.a&auth(Bool),
cancel

}
Sa := c&

{
passwd(Str).s⊕auth(Bool),
quit

}
Sc := s&

{
login.a⊕passwd(Str),
cancel.a⊕quit

}

Multiparty session types
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Partial session?

Ss := c⊕
{

login.a&auth(Bool),
cancel

}
Sa := c&

{
passwd(Str).s⊕auth(Bool),
quit

}

• Participant c is missing
• No global type
• Are these type compatible? Are there deadlocks?
• What is the behaviour of Ss | Sa?

Our motivations
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Main achievements
• Multiparty session types for any session (partial or not)
• Process typing is relative to points of view (sets of participants)
• No distinction between local and global types
• Type system

P ` Γ1, x : 〈G1 | S1〉 Q ` Γ2, x : 〈G2 | S2〉 S1 ] S2 G3 'S1]S2 G1
S1∨S2 G2

P |x Q ` Γ1,Γ2, x : 〈G3 | S1 ] S2〉
(|)

• Merging algorithm for session types
• Deadlocks are detected by the merging algorithm
• Prototype implementation of the merging algorithm

Summary of the results
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Syntax (inspired by Carbone et al.)

P,Q,R ::= xpq̃ . ini.P (choice)
| xpq / (P,Q) (case)
| xpq̃(y).P (subsession creation and sending)
| xpq(y).(P ‖ Q) (subsession reception and fork)
| close(x) (process stop)
| wait(x).P (session closing)
| P + Q (non-deterministic choice)
| (P |x Q) (composition)
| (νx)P (restriction)

Process calculus
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Operational semantics (Labelled Transition System)

xpq̃(y).R |x Πx
i (xqip(y).(Pi ‖ Qi))

x:p→q̃:〈·〉−→ (νy)(R |y Π
y
i Pi) |x Πx

i Qi

xpq̃ . inj.R |x Πx
i xqip / (P1,i,P2,i)

x:p→q̃:&inj−→ R |x Πx
i Pj,i

(νx)(wait(x).P)
τ−→ P if x 6∈ fn(P)

P1 + P2
+−→ Pj j ∈ {1, 2}

P x:γ−→ Q

(νx)P τ−→ (νx)Q

P α−→ Q ∀γ, α 6= x : γ

(νx)P α−→ (νx)Q

P α−→ Q

P |x R α−→ Q |x R

Process calculus
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Delegated choice

Pp := (xpq . in1.xpr(y).wait(y).close(x)) + (xpq . in2.close(x))

Pq := xqp / (xqr . in1.close(x), xqr . in2.close(x))

Pr := xrq / (xrp(y)(close(y) ‖ close(x)), close(x))

• Example of execution

Pp |x Pq |x Pr
+−→ xpq . in2.close(x) |x Pq |x Pr

x:p→q:&in2−→ xqr . in2.close(x) |x Pr
x:q→r:&in2−→ close(x)

• Partial execution

Pp |x Pq
+−→ xpq . in2.close(x) |x Pq

x:p→q:&in2−→ xqr . in2.close(x)

Example
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Syntax of session types

G ::= p→ q̃ : &ini; G (choice sending)
| p→ q̃ : 〈G〉; G (subsession sending)
| G⊕ G (internal choice)
| G & G (external choice)
| end (session closing)
| close (process stop)
| 0 (empty session)
| ω (deadlock)

Session types
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Disjunctive Normal Form

• Messages and communications

m ::= &ini | 〈G〉 C ::= p→ q̃ : m | end | close | 0 | ω | 1

• A chain of communications is a type of the form C1; C2; . . . ; Cn

• A type is in DNF if it has the form⊕
i∈I

¯
j∈Ji

Gi,j

where the Gi,j are chains of communications
• Any type can be rewritten into a DNF

Session types
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Independence

• C1 and C2 are independent for a set of participants S (noted
C1 IS C2), if S cannot distinguish C1; C2 from C2; C1

• e.g. (p→ q̃ : m) IS (p′ → q̃′ : m′) if ({p} ∪ q̃) ∩ ({p′} ∪ q̃′) ∩ S = ∅
• Example: (p→ q : 〈G1〉) I{q,r} (p→ r : 〈G2〉)

Equivalence relation

• G1 and G2 are equivalent for a set of participants S (noted
G1 'S G2), if the participants in S cannot distinguish G1 and G2

• Example:

p→ q : 〈G1〉; p→ r : 〈G2〉; end '{q,r} p→ r : 〈G2〉; p→ q : 〈G1〉; end

Equivalence of session types
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Environment
• Sessions x are typed with a session type G for a set of participant

S (noted x : 〈G | S〉)
• Γ = x1 : 〈G1 | S1〉, . . . , xn : 〈Gn | Sn〉

Γ1 ' Γ2 G1 'S G2

Γ1, x : 〈G1 | S〉 ' Γ2, x : 〈G2 | S〉

• Typing judgments have the form P ` Γ

Type system
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1/2

P ` Γ, y : 〈G1 | {p}〉, x : 〈G2 | {p}〉
xpq̃(y).P ` Γ, x : 〈p→ q̃ : 〈G1〉; G2 | {p}〉

(send)

P ` Γ1, y : 〈G1 | {q}〉 Q ` Γ2, x : 〈G2 | {q}〉 q ∈ q̃
xqp(y).(P ‖ Q) ` Γ1,Γ2, x : 〈p→ q̃ : 〈G1〉; G2 | {q}〉

(recv)

P ` Γ, x : 〈G | {p}〉
xpq̃ . ini.P ` Γ, x : 〈p→ q̃ : &ini; G | {p}〉

(seli)

P ` Γ, x : 〈G1 | {q}〉 Q ` Γ, x : 〈G2 | {q}〉 q ∈ q̃
xqp / (P,Q) ` Γ, x : 〈(p→ q̃ : &in1; G1) & (p→ q̃ : &in2; G2) | {q}〉

(case)

Typing rules
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2/2

P ` x1 : 〈G1 | S1〉, . . . , xn : 〈Gn | Sn〉 Q ` x1 : 〈G′
1 | S1〉, . . . , xn : 〈G′

n | Sn〉
P + Q ` x1 : 〈G1 ⊕ G′

1 | S1〉, . . . , xn : 〈Gn ⊕ G′
n | Sn〉

(+)

close(x) ` x : 〈close | ∅〉
(close) P ` Γ

wait(x).P ` Γ, x : 〈end | {p}〉
(wait)

P ` Γ, x : 〈G | S1〉 S2 ] fn(G)

P ` Γ, x : 〈G | S1 ∪ S2〉
(extra)

P ` Γ Γ ' Γ′

P ` Γ′ (')

P ` Γ1, x : 〈G1 | S1〉 Q ` Γ2, x : 〈G2 | S2〉 S1 ] S2 G3 'S1]S2 G1
S1∨S2 G2

P |x Q ` Γ1,Γ2, x : 〈G3 | S1 ] S2〉
(|)

P ` Γ, x : 〈G | S〉 G ↓ S
(νx)P ` Γ

(ν)

G is finalized for S (noted G ↓ S) if a session x : 〈G | S〉 can safely be restricted.

Typing rules
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• We note D1 for the following derivation:

close(x) ` x : 〈close | ∅〉
close(x) ` x : 〈close | {p}〉

(extra)

wait(y).close(x) ` x : 〈close | {p}〉, y : 〈end | {p}〉
xpq(y).wait(y).close(x) ` x : 〈p→ q : 〈end〉; close | {p}〉

• We note D2 for the following derivation:

close(z) ` z : 〈close | ∅〉
close(z) ` z : 〈close | {q}〉

close(x) ` x : 〈close | ∅〉
close(x) ` x : 〈close | {q}〉

xqp(z).(close(z) ‖ close(x)) ` x : 〈p→ q : 〈close〉; close | {q}〉

• Finally:
D1 D2 p→ q : 〈end〉; close {p}∨{q} p→ q : 〈close〉; close '{p,q} p→ q : 〈end〉; close

xpq(y).wait(y).close(x) |x xqp(z).(close(z) ‖ close(x)) ` x : 〈p→ q : 〈end〉; close | {p, q}〉

Example of a typing derivation
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Mergeable communications from different viewpoints

{p} ∪ q̃1 ∪ q̃2 ⊆ S1 ∪ S2 ⇒ (G1
S1∨S2 G2) ↓ S1 ∪ S2

p ∈ S1 ⇒ q̃2 ⊆ q̃1 p ∈ S2 ⇒ q̃1 ⊆ q̃2 S1 ∩ q̃2 ⊆ q̃1 S2 ∩ q̃1 ⊆ q̃2

p→ q̃1 : 〈G1〉 S1♥S2 p→ q̃2 : 〈G2〉

p ∈ S1 ⇒ q̃2 ⊆ q̃1 p ∈ S2 ⇒ q̃1 ⊆ q̃2 S1 ∩ q̃2 ⊆ q̃1 S2 ∩ q̃1 ⊆ q̃2

p→ q̃1 : &ini
S1♥S2 p→ q̃2 : &ini 1 S1♥S2 1

C2
S2♥S1 C1

C1
S1♥S2 C2

({p} ∪ q̃) ] S1

1 S1♥S2 p→ q̃ : m close S1♥S2 close close S1♥S2 end

• The most complicated case is p→ q̃1 : 〈G1〉 S1♥S2 p→ q̃2 : 〈G2〉
• G1

S1∨S2 G2 should be finalized if all the participants have given
their viewpoints

• Involved participants should be present w.r.t. viewpoints

Merging communications
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Merging communications

If C1
S1♥S2 C2, then mcommS1,S2(C1,C2) is defined as:

mcommS1,S2(p→ q̃ : &ini, p→ q̃′ : &ini) := p→ (q̃ ∪ q̃′) : &ini

mcommS1,S2(p→ q̃ : 〈G1〉, p→ q̃′ : 〈G2〉) := p→ (q̃ ∪ q̃′) : 〈G1
S1∨S2 G2〉

mcommS1,S2(1,C) := C
mcommS1,S2(C, 1) := C

mcommS1,S2(C, close) := C
mcommS1,S2(close,C) := C

Merging communications
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Merging algorithm (simplified)

• Types are rewritten in DNF
• Basic rules

(G1 ⊕ G2) S1∨S2 G3 := (G1
S1∨S2 G3)⊕ (G2

S1∨S2 G3)
G1

S1∨S2 (G2 ⊕ G3) := (G1
S1∨S2 G2)⊕ (G1

S1∨S2 G3)
(G1 & G2) S1∨S2 G3 := (G1

S1∨S2 G3) & (G2
S1∨S2 G3)

G1
S1∨S2 (G2 & G3) := (G1

S1∨S2 G2) & (G1
S1∨S2 G3)

• Otherwise find all rewritings G1 'S1 C′i ; G′i and G2 'S2 C′′i ; G′′i s.t.
C′i

S1♥S2 C′′i , and

G1
S1∨S2 G2 :=

¯
i∈I

{mcommS1,S2(C′i ,C
′′
i ); (G′i

S1∨S2 G′′i )}

where I enumerates all possible mergings

Merging sessions
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Reduction of session types

G1 ⊕ G2
+−→S Gi p→ q̃ : 〈G1〉; G2

p→q̃:〈·〉−→ S G2

p→ q̃ : &ini; G
p→q̃:&ini−→ S G

G1
γ−→S G′ G1 'S G2

G2
γ−→S G′

Theorems: Subject reduction and equivalence

• Subject equivalence: If P ` Γ and P ≡ Q, then Q ` Γ

• Subject reduction: If P1 ` Γ1 and P1
α−→ P2, then for some Γ2, we

have P2 ` Γ2 and Γ1
α−→ Γ2

Subject reduction
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Preemption

• x : 〈G | S〉 preempts P (noted x : 〈G | S〉 �c P) when every local
participant in S is ready to trigger its communication described
by G

• Example: x : 〈p→ q : &in1; G | {p}〉 �c (xpq . in1.P)

• However: x : 〈p→ q : &in1; G | {p, q}〉 6�c (xpq . in1.P)

• But: x : 〈p→ q : &in1; G | {p, q}〉 �c (xpq . in1.P |x xqp / (Q,R))

Theorem: Progress

• If G ↓ S and x : 〈G | S〉 �c P, then (νx)P has a redex
• If P ` Γ then there is a redex in P, or for some x : 〈G | S〉 ∈ Γ we

have x : 〈G | S〉 �c P

Progress
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To interpret types and the operations we introduce:
• A symmetric monoidal category COMM of communication

structures
• A symmetric monoidal category VIEW of viewpoints (sets of

participants)
• A monoidal functor L : VIEW → COMM , and the merge of

communications corresponds to its coherence map (structural
natural transformation)

• An interpretation of communication structures F : COMM → SET
as sets of sets of traces, and the merge of these sets is the image
of L’s coherence map under this interpretation

• An interpretation of types as sets of sets of traces, and the merge
of types is the lifting of the merge of communication structures

Semantics overview
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Communication structure
A communication structure is given by A = (EA, IA, 1A) where:
• EA is a set
• 1A ∈ EA, IA ⊆ EA × EA is a symmetric relation called the

independence relation
• ∀x ∈ EA, x IA 1A

Category COMM

• an object is a communication structure
• a morphism f : (EA, IA, 1A)→ (EB, IB, 1B) is a partial function

from EA to EB such that f (1A) = f (1B), and, for any x, y ∈ EA such
that both f (x) and f (y) are defined, we have that f (x) IB f (y) iff
x IA y

• composition and identities are standard

Semantics: COMM
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Monoidal product

The monoidal product of (EA, IA, 1A) and (EB, IB, 1B) is
(EC, IC, 1C) = (EA, IA, 1A)⊗ (EB, IB, 1B) as follows:
• EC = EA × EB, with projections πA : EA × EB → EA and
πB : EA × EB → EB;

• for all xA, yA ∈ EA and xB, yB ∈ EB,
(xA, xB) IC (yA, yB)⇔ xA IA yA and xB IB yB;

• 1C = (1A, 1B)

Semantics: COMM
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Category VIEW

• objects are sets of participants, in P(P)

• there exists a unique morphism f : A→ B iff A ⊆ B
• the tensor A⊗ B is the union A ∪ B, and the unit is ∅

There is a lax symmetric monoidal functor (L, µ, υ) : VIEW → COMM:
• a functor L : VIEW → COMM

• a natural transformation µS1,S2 : L(S1)⊗ L(S2)→ L(S1 ∪ S2)

• a morphism υ : J → L(∅)

(L(S1) ⊗ L(S2)) ⊗ L(S3) L(S1) ⊗ (L(S2) ⊗ L(S3))

L(S1 ∪ S2) ⊗ L(S3) L(S1) ⊗ L(S2 ∪ S3)

L(S1 ∪ S2 ∪ S3) L(S1 ∪ S2 ∪ S3)

α

µS1,S2
⊗id id⊗µS2,S3

µS1∪S2,S3
µS1,S2∪S3

id

L(S1) ⊗ L(S2) L(S2) ⊗ L(S1)

L(S1 ∪ S2) L(S2 ∪ S1)

γ

µS1,S2
µS2,S1

id

L(S) ⊗ J L(S) ⊗ L(∅)

L(S) L(S)

id⊗υ

ρ µA,∅
id

J ⊗ L(S) L(∅) ⊗ L(S)

L(S) L(S)

υ⊗id

λ µ∅,A
id

Semantics: VIEW and functor L
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Equivalence relation

'A is the smallest equivalence relation on E∗A such that
• sabt 'A sbat if a IA b
• s1At 'A st.

Schedulable and trace sets
• A schedulable set (over A) is a set C ⊆ E∗A closed under 'A

• A trace set (over A) is a set B of schedulable sets

Functor F : COMM → SET

• F(A)= the set of all trace sets over A
• If f : A1 → A2, we define F(f ) : F(A1)→ F(A2) by

F(f )(B) = {{f̂ (w) | w ∈ C, f̂ (w) is defined} | C ∈ B}

Semantics: trace sets
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Interpretation J KS : TYPES → SET

J0KS := ∅ JωKS := {∅}
JG1 & G2KS := JG1KS d JG2KS JG1 ⊕ G2KS := JG1KS ∪ JG2KS

JC; GKS := C ·L(S) JGKS JcloseKS := {[ε]L(S)}
JCKS := {[C]L(S)} otherwise

Theorem: Soundness and completeness of interpretation

• G1 'S G2 iff JG1KS = JG2KS

• JG1
S1∨S2 G2KS1∪S2 = F(µ)(JG1KS1 ⊗ JG2KS2)

As a consequence:
G1

S1∨S2 G2 'S1∪S2 G2
S2∨S1 G1

G1
S1∨S2∪S3 (G2

S2∨S3 G3) 'S1∪S2∪S3 (G1
S1∨S2 G2) S1∪S2∨S3 G3

Interpreting session types as trace sets
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• Partial sessions for multiparty session types

• Applicable to open systems (i.e. systems with missing parts)

• Early static deadlock detection

• Semantic interpretation showing soundness of construction

• Proof-of-concept implementation of the merging algorithm
https://github.com/cstolze/partial-session-types-prototype

• Future work:
• Decidability result: type-checking, type inference
• Asynchronous session types
• Recursion: how to adapt the merging algorithm?
• Subtyping

G1 & G2 6S Gi

Gi 6S G1 ⊕ G2

Conclusion
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